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Influence of ions on the ‘‘V-shaped’’ electro-optic response of ferroelectric liquid crystals
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It has recently been shown that in surface-stabilized ferroelectric liquid crystal cells with high spontaneous
polarization, the polarization charge self-interaction leads to a ‘‘V-shaped’’ optical response to an applied
voltage. The presence of ionic free charges in the liquid crystal changes the internal electric field, and therefore
also the spatial dependence of the polarization and optic axis orientation. We have numerically solved the
nonlinear ion diffusion equation in the electric field due to external voltage, spontaneous polarization, and ions,
and calculated the electro-optic response to a triangular applied voltage. When the period of the driving voltage
is smaller than the zero-field diffusion time of the ions across the cell, and larger than the ion transit time in the
applied field, an inverse hysteresis in the electro-optic response is obtained. At these time scales ions also cause
characteristic changes in the shape of the electro-optic response.
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I. INTRODUCTION

In some chiral smectic liquid crystals, for example som
homologs of MHPOBC@1# and other high polarization
smectics, a very interesting ‘‘V-shaped’’ high contra
electro-optic effect is found. Such cells are planar- align
and surface stabilized~helix free!, and exhibit electric-field-
induced continuous reorientation of the optic axis, which
along the layer normal for zero applied voltage,V50. Re-
cent experiments on V-shaped switching cells have dem
strated that the effect is a feature of the ferroelectric SmC*
phase@2#, and that the rotation of the optic axis is due to t
reorientation on the smecticC* cone @2,3#. It was also
shown that the effect is electrostatic in origin@4#, a result of
self-interaction of the spontaneous polarizationP, which be-
comes important in materials having sufficiently high pol
ization.

The mechanism can be understood in the following w
Consider a slab of SmC* material in a planar bookshe
structure with a thicknessL, as depicted in Fig. 1. The cell i
formed by two conducting electrodes separated from the
uid crystal by insulating alignment layers of thicknessa and
dielectric constant«1. Let V50 initially. The anchoring at
the surface is planar, so that the minimum surface energ
obtained forP perpendicular to the surface. The energies
P pointing into or out of the surface are usually not the sam
and the surface anchoring energy can be decomposed i
nonpolar part invariant with respect to polarization revers
and a polar part which depends on the sign ofP. The non-
polar part gives rise to the well known bistability. The pe
pendicular (x) component ofP creates a surface polarizatio
charge which must be compensated for by free charge
the electrodes. Since these are separated from the liquid
tal by the alignment layer, an electric field is created in
alignment layer. When the electrostatic energy of this field
greater than the nonpolar part of the surface anchoring
ergy, it is energetically favorable for the surface anchoring
break so that the polarization is parallel to the cell plat
This situation is of course monostable. The importance of
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field in the alignment layer was already recognized in R
@5#. The polar part of the anchoring causesP to be splayed in
both monostable and bistable states, and so through pola
tion charges in the splayed region it always gives a posi
contribution to the electrostatic energy. A more detail
analysis, to be published separately, shows that polar anc
ing favors the monostable state. As the electrostatic ene
of the alignment layer is proportional toP2, while the non-
polar contribution to the anchoring energy is independen
P, a monostable state is obtained for highP materials.

When an external voltage is applied to the monosta
cell, P turns by an anglef from the horizontal (y) axis, so
that the total field in the liquid crystal remains zero. T
voltage across the cell is entirely due to a field which m
appear in the alignment layer due to the polarization cha
density P sinf at the boundary between the liquid cryst
and the alignment layer. This leads to a very simple relat
betweenV andf @4#:

FIG. 1. Bookshelf geometry of a tilted chiral smectic. The liqu
crystal is between glass plates with transparent ITO electro
coated with nonconducting alignment layers. The smectic layers
normal to the plates. Shown are the tilt cone of the molecules w
an angleu relative to the layer normalz, the spontaneous polariza
tion P, and the azimuthal orientationf of P. V-shaped switching is
observed with normally incident light between crossed polarize
©2001 The American Physical Society03-1
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V52
aP sinf

«1«0
. ~1!

When V.Vc52aP/«1«0, the polarization is aligned per
pendicular to the cell plates and can no longer compen
for the external field so the total field inside the liquid crys
is no longer zero. The direction of the optic axis is direc
related tof, and with the cell between crossed polarize
with one axis along the layer normal the characteris
V-shaped optical transmission versus applied voltage is
tained.

In V-shaped switching, the dominant interaction is ele
trostatic. In particular, during the switching process, whenP
is not perpendicular to the cell, the field inside the liqu
crystal must be zero. In reality, there will always be so
ionic impurities present in the liquid crystal, so it is of inte
est and also potentially important for applications to see h
ionic charges influence the switching process and the op
transmission curves. In this paper we present the result
calculations of ion transport and its effect on V-shap
switching.

Two main features can be expected. Let us suppose
the cell is driven by a symmetric triangular voltage. The fie
inside the liquid crystal layer at highV will cause an inho-
mogeneous distribution of ions that partly screens the
plied field. During switching, the ion sheets drift and diffu
from one side of the cell to the other, creating an additio
inhomogeneous electric field. As the total field is still ze
the field due toP is also inhomogeneous. This means that
optic axis position is no longer the same throughout the
and the optical response becomes nonsymmetric around
extinction point. Also, as the ionic contribution to the fie
opposes the external field, the polarization field crosses
beforeV50, so that going~for example! from the negative
voltage peak optical extinction also occurs for some sm
negative value ofV; that is, we obtain an inverse hysteres
which is also observed experimentally in some cases@6,7#.
The authors of Ref.@7# also presented some model calcu
tions, assuming, however, that the liquid crystal is in t
antiferroelectric phase.

II. MODEL

The geometry of the problem is shown in Fig. 1. We wi
to compute the distribution of ions and the polarization a
optic axis direction as a function ofV. The direction ofP(x)
is specified by the anglef of P with respect to they axis. We
first write the equation for the balance of torques,

g
]f

]t
5K

]2f

]x2
1PE cosf, ~2!

whereg is an effective rotational viscosity,K is the splay
elastic constant for thec director, andE is the total field due
to external voltage, polarization, and ion distribution. In o
case all the quantities depend only onx, andE has only anx
component, so that it can be expressed in the form
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@r1~x!2r2~x!#dx82
1

««0
P sinf,

~3!

where s is the charge density on the electrodes,« is the
dielectric constant of the liquid crystal,e is the elementary
charge, andr1 andr2 are the concentrations of the positiv
and negative ions. In expressingE we have neglected the
dependence of« on f ~i.e., the dielectric anisotropy of the
liquid crystal!, which would make the expression conside
ably more complicated. As the basic equation@Eq. 1# gov-
erning the V-shaped switching does not depend on«, and we
are looking for the effect of ions when their concentration
not too large, we expect that the anisotropy of« and its
spatial variation will only have a small effect on the resul

As it is the voltage between the electrodes that is speci
in an experiment, nots, we also have the condition

E
0

L

Edx1
2sa

«1«0
52V, ~4!

which fixes s. The second term is due to the insulatin
alignment layers.

We still need the equation of motion for the ions. As w
have seen that the total field in the liquid crystal can be z
due to the screening by the polarization charges, we m
include both the drift and diffusion terms,

]r6

]t
56m6e

]

]x
~Er6!1D6

]2r6

]x2
, ~5!

wherem6 is the mobility of the positive or negative ions an
D6 the corresponding diffusion constant, which is related
D65m6kBT.

Before embarking on solving Eqs.~2–5!, it is worthwhile
to examine the relevant time scales. There are two relate
the reorientation ofP: the elastic reorientation time,tK
5gL2/K, and the reorientation in the electric field due toP
itself, tP5««0g/P2. Taking g51 P, K510211 J/m, «
510, L52 mm, and P5300 nC/cm2, we obtain tK54
31022 s andtP51024 s. The important times for the ion
motion are the ion transit timetT in the fieldP/««0 and the
diffusion time tD for the ions to cross the cell. Takingem
510211 m2/V s @8,9# for the ion mobility, we obtaintT
50.1 s andtD515 s. Thus the motion of ions is muc
slower than the reorientation ofP, and when the applied
voltage changes over time scales which are long compare
tP and tK , P adiabatically follows the motion of the ions
This means that we can set the viscous torque, that is the
side of Eq.~2!, to zero.

If we also assume thatP is large enough to break th
surface anchoring, as discussed in Sec. I, we can also ne
the elastic term in Eq.~2!. Then we are left with a very
simple condition that the electric torque must be zero,

PE cosf50, ~6!

requiring that eitherE50 or f56p/2. In other words, ifP
is not perpendicular to the cell plane, it completely scree
3-2
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INFLUENCE OF IONS ON THE ‘‘V-SHAPED’’ . . . PHYSICAL REVIEW E 63 031703
the field inside the liquid crystal. Conditions~6! and~4!, and
Eq. ~3!, also immediately lead to Eq.~1!.

In this approximation we only need the boundary con
tions forr. We assume that the number of ions in the cel
constant, so the ionic currents at both boundaries mus
zero:

6m6eEr62D6

]r6

]x U
x50,L

50. ~7!

The whole problem is now reduced to solving the i
diffusion equation~5! with boundary conditions~7!, and sub-
ject to conditions~4! and ~6!. We carried out numerical in
tegration of Eq.~5! on a lattice of up to 200 points using th
semi-implicit Crank-Nicholson scheme. At each stepE(x)
was recalculated using Eqs.~3! and ~4!, and condition~6!.
The optical transmission was calculated using the Jones
malism. The cell was assumed to consist of uniaxial sli
between lattice points, with optic axis direction determin
by the local value off.

III. RESULTS

The important parameters of the problem areP, the num-
ber of ions, andm. The ion diffusion constant is related t
the mobility thorough the Einstein relation. A convenie
unit of time is the ion diffusion time across the cell:tD
5L2/mkBT.15 s. A natural unit for the electric field i
E05kBT/eL.0.013 V/mm. The corresponding unit for po
larization is P05E0 /««0.0.13 nC/cm2, assuming«510.
Also taking the unit of length to beL, Eq. ~5! becomes di-
mensionless with no parameters, so the only remaining
evant quantities areP and the number of ions per unit are
N0. For computational convenience we takeP5200P0
.26 nC/cm2. In typical surface stabilized cells this value
probably too low to give monostable V-shaped switchin
but we can assume that either the alignment layer is s
ciently thick or the anchoring energy sufficiently small th
the cell is in the monostable regime. We takeN0 to be such
that the internal field due to ions is comparable to the po
ization field. This means thatN05P/e, or that the equilib-
rium concentration of ions is about 1016/cm3. When the ion
concentration is substantially smaller, their effect on
switching characteristics of the cell becomes negligible.
simplicity we also assume the mobilities for positive a
negative ions to be equal,m15m2 , so that the dynamics
only need to be computed for one species of ions. For
alignment layers we take 2«1a50.1L.

With this choice of parameters we first consider the
distribution as a function of time for a triangular applie
voltage with a period t50.2tD and an amplitudeV0
5100kBT/e, that is about two times the voltage necess
for complete switching. One cycle is shown in Fig. 2. A
expected, starting withV(t50)5V0 we obtain a narrow
screening layer of ions at the cell boundary, with a peak
concentration about 60 times the average. At zero exte
voltage the ion concentration is still quite inhomogeneou
the ions are still bunched up nearx/L51—so that there is an
appreciable field due to ions. The polarity of this ionic fie
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is of course opposite to the externally applied field at
preceding peak voltage. This reverse ionic field causes
inverse hysteresis of the optical response.

The directionf of the spontaneous polarization at seve
points in the voltage sweep is shown in Fig. 3. As explain
above, wheneverfÞ6p/2, the total internal field must be
zero, that is, the polarization field must cancel the ionic a
external fields. As the ionic field is inhomogeneous,f must
also vary across the cell. Also note that at the moment w
V50, the average value off has already reoriented past th
zero position due to the reverse ionic field.

Figure 4 shows the total internal fieldE during one period
of the driving voltage. At all points whereP is reorienting

FIG. 2. Positive ion distributionr, relative to the equilibrium
ion concentrationN0 /L, as a function of time for triangular applie
voltage with period 0.2tD and amplitude 100kBT/e. One half-
period is shown. Negative ions are symmetrically distributed. Wh
the voltage is zero, i.e., att50 and 0.1, the ions are not even
distributed and give a negative inhomogeneous contribution to
total field which is canceled by the polarization field. The pe
concentration at the cell surfaces is about 60 times the equilibr
concentration.tD is the ion diffusion timeL2/mkBT.

FIG. 3. Polarization angle vs position at several voltages fo
triangular applied voltage with a period 0.2tD and an amplitude
100kBT/e, going from a positive to a negative peak.•••: V
520kBT/e; –•••–: V510kBT/e; —:V50; –•–•: V
5210kBT/e; – – –: V5220kBT/e. For V50 the polarization
angle is already negative; the field due to ions causes inverse
teresis. The spatial dependence of the polarization angle also
plies an inhomogeneity of the optic axis orientation and an as
metric optic response around the extinction point.tD is the ion
diffusion timeL2/mkBT.
3-3



e
ic
l
e

el

w
f

e
e

is

end

ell
the
the
s
t
m-
is-

ns-

nly

on
e

ion,

a

oli

e
ay
o
e

d

is-
f
u-
the
ter-
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between the extreme positionsf56p/2, we haveE50,
and in that part of the voltage sweep the ions are fre
diffusing instead of being driven by the external and ion
fields. It is in fact difficult to imagine any other physica
situation in which an inhomogeneous distribution of charg
particles could decay by field-free diffusion.

In Fig. 5 we show the optical transmission of the c
between crossed polarizers as a function of increasingV for
three different cell thicknesses corresponding tol/2, 3l/4,
and l wave plates~i.e., DnL5l/2, 3l/4, andl) when f
56p/2 ~i.e., when they are fully switched!. The smectic
cone angle is taken to beu528°. Looking first at thel/2
cell, the thickness typically used in display applications,
see that the zero transmission point is shifted ahead oV
50, i.e., there is inverse hysteresis effect. The V shap
also asymmetrically distorted, which is due to the curv

FIG. 4. Total internal field, in units ofE05kBT/eL, vs time at
several positions in the cell for triangular applied voltage with
period 0.2tD and an amplitude 100kBT/e. The field is zero when-
ever the polarization is not perpendicular to the cell plane. S
line: x50; dots:x50.25L; dashes:x50.5L. tD is the ion diffusion
time L2/mkBT.

FIG. 5. Optical transmission for cells of different thickness b
tween crossed polarizers with one polarizer directed along the l
normal as a function of applied triangular voltage, in units
kBT/e, with a period 0.2tD going from the negative peak to th
positive peak. Solid line:LDn5l/2; dots: LDn53l/4; dashed
line: LDn5l. Note that extinction occurs 10kBT/e before V50
~inverse hysteresis!. The V is also asymmetric, with a pronounce
peak on the trailing part for the 3/4l and full wave cells.tD is the
ion diffusion timeL2/mkBT.
03170
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distribution off(x), presented in Fig. 2. This asymmetry
even more obvious for 3l/4 andl cells, where we obtain
asymmetric peaks of transmission at the beginning and
of the V. These peaks are due to the fact that forf close to
6p/2, the projection of the optic axis on the plane of the c
is near its extremes, but as the optic axis is tilted out of
cell plane, the effective optical anisotropy is smaller than
maximum value atf56p/2 and the optical cell thickness i
reduced toward that of al/2 plate which gives the highes
transmission. While without the ions the two peaks are sy
metric, the smaller peak at the beginning of the V even d
appears for smaller cone angles.

In Fig. 6 we present the dependence of the optical tra
mission on the period of the applied voltage. Fort05tD the

FIG. 7. Optical transmission vs time as the voltage is sudde
switched off from a value aboveVc . The ionic part of the field
initially drives the polarization to the reverse direction. The i
distribution then decays to equilibrium by field-free diffusion. Th
amplitude of the response is proportional to the ion concentrat
and the decay time ist5(L/p)2/D.

d

-
er
f

FIG. 6. Optical transmission for three periodst0 of the triangu-
lar applied voltage, in units ofkBT/e, starting from the negative
peak. Dotted line:t052tD ; solid line: t050.2tD ; dashed line:t0

50.01tD . For low and high frequencies the inverse hysteresis d
appears, while it is largest fort050.2tD . The asymmetric shape o
the low-frequency V is caused by the relaxation of the ion distrib
tion when the internal field becomes zero. For high frequencies
viscous drag, neglected in our calculation, gives a normal hys
esis, causing the extinction point to shift to positive voltage.tD is
the ion diffusion timeL2/mkBT.
3-4
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inverse hysteresis disappears, but some asymmetry of th
remains. AtV52Vc the ions are still unevenly distributed
but they have time to diffuse to the equilibrium during t
switching process, so they do not affect the end part of the
For the chosen ion number, the maximum inverse hyster
is obtained att0.0.2tD . For t0&0.04tD the ions can no
longer follow the field and are more or less evenly distr
uted, so the V becomes symmetric and free of hysteresis
the ions were absent. We must note, however, that at hig
frequencies the viscous dynamics of the liquid crystal, wh
is neglected in the present calculation, becomes impor
and causes normal hysteresis in the optical response.
too that the trailing parts of the V are the same for both l
(t05tD) and high (t0.0.04tD) frequencies, as in both ex
tremes the dynamics is unaffected by the ions.

The response of the cell when the applied voltage is s
denly switched from some value aboveVc to 0 is shown in
Fig. 7. The response first crosses zero due to the rev
ionic field. Then the ionic distribution decays to equilibriu
by field-free diffusion, and the polarization follows. Th
overshoot of the optical response, followed by slow~on the
order of 10 s! exponential decay to zero, is perhaps the ea
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est way to detect the presence of ions experimentally i
given cell. It also provides a way to measure the ion dif
sion constant. In reality, the decay will be somewhat fas
thantD due to the elasticity of the liquid crystal. The spati
dependence off causes an elastic restoring torque whi
must be countered by some small electric field which a
acts on the ions and drives them toward equilibrium. T
effect can be properly analyzed only by simultaneously so
ing both the polarization and ion equations~2! and ~5!.

To conclude, we have presented an analysis of the ef
of ions on the V-shaped switching of monostable booksh
ferroelectric liquid crystal cells. The ions mainly influenc
the cell when the period of the external driving voltage is
few times smaller than the ion diffusion time across the c
They cause an inverse hysteresis and lead to an asymme
the optical response.
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